11 - 19 PROGRESSION

Endorsed for
Pearson Edexcel
Qualifications

Pearson Edexcel AS and A level Further Mathematics

Further Pure Mathematics 1

FP1

‘P Pearson



. Contents

Overarching themes
Extra online content

1 \Vectors
1.1 Vector product
1.2 Finding areas
1.3 Scalar triple product
@ 1.4 Straight lines
© 1.5 Solving geometrical problems

Mixed exercise 1

2 Conic sections 1

21
2.2
2.3
2.4
2.5

Parametric equations
Parabolas

Rectangular hyperbolas
Tangents and normals
Loci

Mixed exercise 2

© 3 Conicsections 2

®3.1
©3.2
®33
® 3.4
®35
© 3.6

4

4.1

4.2
© 43

Ellipses
Hyperbolas
Eccentricity

Tangents and normals to an ellipse
Tangents and normals to a hyperbola

Loci
Mixed exercise 3

Inequalities

Algebraic methods

Using graphs to solve inequalities

Modulus inequalities
Mixed exercise 4

Review exercise 1

5 The t-formulae

5.1

The t-formulae

iv
Vi

~ N

11
16
20
25

32
33
35
42
45
54
57

92
93
96
99

102

105

116
117

5.2 Applying the -formulae to trigonometric

identities

120

53
© 5.4

Contents

= =Alevel only

Solving trigonometric equations

Modelling with trigonometry
Mixed exercise 5

© 6 Taylor series

~6.1
06.2
® 6.3

Taylor series

Finding limits

Series solutions of differential
equations

Mixed exercise 6

© 7 Methods in calculus
Leibnitz's theorem and nth derivatives 150

e7.1
®7.2
®73

L'Hospital’s rule
The Weierstrass substitution
Mixed exercise 7

8 Numerical methods
Solving first-order differential equations

8.1

8.2

© 83

© 9 Reducible differential equations
First-order differential equations

091
®9.2
993

Solving second-order differential

equations
Simpson’s rule
Mixed exercise 8

i22
124
127

131
132
135

139
143
149
152

156
158

161

162

169
173
175

179
180

Second-order differential equations 183
Modelling with differential equations 185

Mixed exercise 9

Review exercise 2

Exam-style practice: AS

© Exam-style practice: A level

Answers

Index

187

191

198

200

202

241




Overarching themes

. Overarching themes

The following three overarching themes have been fully integrated throughout the Pearson Edexcel
AS and A level Mathematics series, so they can be applied alongside your learning and practice.

1. Mathematical argument, language and proof

Rigorous and consistent approach throughout

Notation boxes explain key mathematical language and symbols

Dedicated sections on mathematical proof explain key principles and strategies

Opportunities to critique arguments and justify methods

2. Mathematical problem solving The Mathematical Problem-solving cycle
» Hundreds of problem-solving questions, fully integrated specify the problem
into the main exercises
* Problem-solving boxes provide tips and strategies interpret results _ _
collect information

» Structured and unstructured questions to build confidence

» Challenge boxes provide extra stretch process and : ’
represent information

3. Mathematical modelling
* Dedicated modelling sections in relevant topics provide plenty of practice where you need it

» Examples and exercises include qualitative questions that allow you to interpret answers in the
context of the model

« Dedicated chapter in Statistics & Mechanics Year 1/AS explains the principles of modelling in
mechanics

Finding your way around the book Access an online
digital edition using
the code at the

3 Conic sections 2 front of the book.

—

Each chapter starts with o o s =
a list of objectives i -

The real world applications
of the maths you are about
—— to learn are highlighted at
the start of the chapter with
links to relevant questions in
the chapter

The Prior knowledge check
helps make sure you are oo S ey
ready to start the chapter A



Overarching themes

A level content is
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Extra online content

. Extra online content

Whenever you see an Online box, it means that there is extra online content available to support you.

SolutionBank

SolutionBank provides a full worked solution for

every question in the book.

@ Full worked solutions are #

available in SolutionBank.

Download all the solutions as a PDF or

quickly find the solution you need online

Use of technology

Explore topics in more detail, visualise
problems and consolidate your understanding
using pre-made GeoGebra activities.

GeaGebra

GeoGebra-powered interactives

Interact with the maths you are learning __—

using GeoGebra's easy-to-use tools

m Find the point of intersection O

graphically using technology.

Vi

Access all the extra online content for free at:

www.pearsonschools.co.uk/fplmaths

You can also access the extra online content by scanning this QR code:




Vectors

After completing this chapter you should be able to:

Find the vector product a x b of two vectorsaand b - pages 2-6
Interpret |a x b| as an area -> pages 7-11

® Find the scalar triple product a.b x ¢ of three vectors a, b and ¢,
and be able to interpret it as a volume -» pages 11-16

e \Write the vector equation of a line in the form
(r-a)xb=0 - pages 16-20
Find the direction ratios and direction cosines of a line — pages 17-20
Use vectors in problems involving points, lines and planes and

use the equivalent Cartesian forms for the equations of lines
and planes -» pages 20-25

1 Find the scalar product of the vectors
3i+2j—3kand 4i- 5§+ k

¢« Core Pure Book 1, Section 9.3
2 Astraight line has vector equation

(349

-w Write down the Cartesian equation of the
} line. « Core Pure Book 1, Section 9.1

3 Aline has vector equation
r=@Ri-3j+k) +Ai +j - 2k).
A plane has equation r.(3i — 2j + 2k) = 2.
Find:
a the acute angle between the line and
the plane. Give your answer in radians

Additive manufacturing is a technique that
uses 3D printers to build an object up bit
by bit rather than taking a block of material

and cutting bits away. Designers use vectors correct to 3 significant figures.

to create the 3D models which are then put b the point of intersection of the line
through specialist software to render the — and the plane.

object printable. - Exercise 1C Q11 « Core Pure Book 1, Sections 9.4, 9.5




Chapter 1

m Vector product

You have already encountered the scalar (or dot) product of two vectors.

The scalar (or dot) product of two vectors a and b is written as a.b, and defined as

a.b = |a||b|cos 6, an X,
where @ is the angle between a and b. Ifa= (

X2
J’]) and b= ()’2)
Zy Zz

The scalar product produces a number (or scalar) as an then a.b = x,x, + y, 3, + 7125,
answer. It is useful to define a second type of product « Core Pure Book 1, Chapter 9

that gives an answer as a vector.
@ Use GeoGebra to O

explore the cross product of two
vectors.

w n is the unit vector that

is perpendicular to both a and b.

= The vector (or cross) product of the vectorsaand b
is defined as

axb=|a||b|sinén

where @ is the angle between a and b.

Since 0 < # < 180°, |a||b| sin f is a positive scalar quantity. This means that a x b is a vector quantity

with magnitude |a||b| sin @ that acts in the direction of A.
Problem-solving

You can also use a ‘right-hand rule’
to determine the direction of f, and
hence the direction of a x b.

If ais your first finger, and b is your
second finger, then a x b acts in
the direction of your thumb:

taxb

The direction of A is that in which a
right-handed screw would move when
turned fromatob.

If the turn is in the opposite sense,

+-
i.e. from b to a, then the movement
of the screw is in the opposite direction b
to A, i.e. in the direction of —A. «
So b x a = |b||a|sin # (-A)
= —|a||b[sin Oh

=-axb
m The vector product

"bxa=-axb is not commutative: the order of
multiplication matters.



Vectors

Find the values of:

aixi b jxk cixk.

aixi=0 sin @ = 0, as the angle between i and itself is zero.

The angle between jand kis 90° and, as j and k

b jxk=1x1xsn20% =i . . .
are unit vectors, each has magnitude 1 unit.

c ixk=-kxi=-1x1xsin90% = -j Use the right-hand rule. If i is your k
first finger and k is your second
. ixi=0 ﬁngel:, you.rthumtiwnl point away i
fromj,soix k=—j.
mjxj=0

n
=

xk=0

mixj=kandjxi=-k

m jxk=iandkx j=-i

m kxi=zjandixk=-j

Asax b=]|a||b|sinfA,axb=0impliesthata=0,b=0o0rsin#=0.
sinf = 0 implies that # =0 or 180°, so a and b must be parallel.

= If a x b=0 then eithera=0, b =0 or aand b are parallel.

a, b].
Giventhata=|a, Jand b= b, | find a x b.

by | Notation JTAESY

assume the vector product

axb=(ai+a.j+ak) x (bi+bsj+ bk is dils.tributi‘ve over vector
= ayby(i % i) + ab,(i X j) + a,bs(i x k) addition. This means that
+ ab(j x i) + asbo(j x j) + asbs(j x k) ax(b+c)=(axb)+(@xc

+ asbi(k x i) + asby(k x j) + ashs(k x k)

= aybok + abs(—j) + azbi(—k) + axbs() + azby(j) + azbo(-i) Simplify the cross product and
= (axb3 — azb,)i + (azb, — a\bs)j + (@b, — asb)k collect like terms.

In determinant form,

i j k
a a a a a a .
e A E E 1™ bz b3 =i bw b3 + bT b2 You can write each component
b, b, bs e B LI 1 e as the determinant of a 2 x 2
matrix, or the whole vector

= (axbs — azby)i + (asb, — a,bs)j + (ab, — asb)k
product as a determinant of a

3 x 3 matrix.

= ax b= (ah; - asby)i + (a3h — a1h3)] + (arbz — azby)K « Core Pure Book 1, Chapter 6

i j K
m axb=|a a “3=igz :3_.Z1 g3+kgl :z
by b, by z ? 1 3 1 2



Chapter 1

Giventhata=2i-3jandb=4i+j-k, finda xb:
a directly

b by a method involving a determinant.

¢ Verify that a x b is perpendicular to both a and b.

a Ri-3jxE4di+j-k

=8 xi)+26xj)-20xk-12(xi) - 3(jxj)+3(j x k) ——

Use the distributive property
to multiply out the brackets.

=03 2k+2)+ 12k - 0% 3

=3i+ 2j + 14k
E 0 %
blo -3 o:i_f) © —j’z 9142 '3’
8 N o -1 4 -~ 4 1
=13 - O = J=2 - 0) + k(2 + 12)
= 3i + 2j + 14k

c (Bi+2j+14k).2I-3j)=Bx2)+ (2 x (-3) + (14 x0) =0
(Bi+2j+14K.4i+j-K=CBxD+CxN+(14x(-)=0

L Simplify the cross products
of unit vectors.

Problem-solving

Using the discriminant is
usually a quicker way to
evaluate the cross product.

Work out (a x b).a and

(@ x b).b. If both answers are
0 then a x b is perpendicular
to both a and b.

Find a unit vector perpendicular to both (4i + 3j + 2k) and (8i + 3j + 3k).

The vector product will give a perpendicular vector. m You can find vector products

k

using your calculator. But you might

Y B 2 ’ ) ‘4 2 " ’ 4 .3 encounter a vector with an unknown in it,
4 & B=) g &|"d|la B|*TE|la 3 so it is important that you know how to find
& 3 3 the vector product manually.

= (9 - 6) - j(12 - 16) + k(12 - 24)
= 3i + 4j - 12k
Since |3i + 4j — 12k| = /37 + 42 + (=12)? = 13

Find the magnitude of your product vector.

a suitable unit vector is %(Eﬁ + 4j - 12k).
Divide the vector by its magnitude to obtain
a unit vector.



Vectors

Find the sine of the acute angle between the vectors a = 2i + j + 2k and b = -3j + 4k.

a x b = |a||blsinfh

la x b| , Rearrange the formula to make sin # the subject.
©Tale] ~ i || = 1 50 |a x b| = |a||b| sin 6.
i j Kk
axp=2 1 .2
0O -3 4 Calculate the vector product.

=i4+6)-j&-0) +kl-6-0)

=10i - &j - 6k |7 Find the magnitude of a x b.
and [10i — 8j - ck| = V100 + 64 + 36

/200 Also find the magnitude of a and of b and
So sinf = V22 1 2+ 22 /B2 + &2 substitute the three surds into the formula for
= sind.
_ 200
V9 V25 Simplify your answer.
10v2

In general, to find the angle between

= 12%_% two vectors use the scalar product. This gives the
cosine of the angle. Immediately we know whether
the angle is acute or obtuse. In this example it is
not clear whether the angle 6 is acute or obtuse.

This is similar to the ambiguous case when using
Exercise @ the sine rule.

1

Simplify:
a Sjxk b 3ixk ¢ kx3i
d 3ix%i-j+k) e 2jx(Bi+j-k) f Gi+j-k)x2j

JER R )R AR ORI )

Find the vector product of the vectors a and b, leaving your answers in terms of A in each case.
aa=Ai+2j+k b=i-3k
b a=2i-j+7k b=i-4j+3k

Find a unit vector that is perpendicular to both 2i — j and to 4i + j + 3k.
Find a unit vector that is perpendicular to both 4i + k and j — v2k.

Find a unit vector that is perpendicular to both i — j and 3i + 4j — 6k.

1 5
Find a unit vector that is perpendicular to both (6) and to (9)
4 8



Chapter 1

17 A telephone wire is modelled as a straight line in 3D space. i and j are the horizontal vectors
/P due east and north respectively, and k is the vertical unit vector. The units are metres.

An engineer inspects the wire at the point with position vector 6k, and finds that it is
horizontal, and directed on a bearing of 015°.

a Find a vector equation of the wire, giving your answer in the form (r—a) x b=0. (4 marks)

b Hence show that the wire will intersect with a second wire with vector equation

5 5-20/6 —V2)
r- (2 x2-2/6+y2))=0 (3 marks)
I -5
¢ Give a possible criticism of this model. (1 mark)
Challenge
RaspiGLes
| 7 :
A1
(Ve
N -i--)- _1‘
/gle,;/’v; z
L 2t

X1
y '

X

Spherical polar coordinates are defined by the distance from the origin, r,
the ‘azimuthal angle’ (measured anti-clockwise from the x-axis in the xy-plane), 6,
and the ‘polar angle’ (measured from the positive z-axis), ¢.

A line L passes through the origin and the point with spherical polar coordinates
(3, us E).

43
a Find, in their simplest form, the direction cosines of L.

b Find, in terms of # and ¢, expressions for the direction cosines of the line which
passes through the origin and the point with spherical coordinates (r, 6, ¢).

m Solving geometrical problems

You can use the fact that the vector product a x b is perpendicular to both a and b to solve problems
involving planes and lines in three dimensions.

a Find, in the form r.n = p, an equation of the plane which contains the line / and the point with
position vector a where / has equation r = 31 + 5§ — 2k + A(-i + 2j — k) and a =4i + 3j + k.

b Give the equation of the plane in Cartesian form.

20



B a The vector —i + 2j — k is perpendicular to n.

The vector 4i + 3j + k — (3i + 5j — 2k) also
lies in the plane and is alsc perpendicular to

n ie i—- 2j+ 3kis perpendicular to n.
i j k
Sen=~1 2 =i
| -2 38
=4i+ 2j

So the equation of the required plane is
r.(4i+ 2j) = 4i + 3j + k).(4i + 2j)
>rdi+2j)=16+6

An equation of the plane is r(4i + 2j) = 22

b In Cartesian form this may be written as
4x + 2y =22

2> 2x+y=11

C(2, 16, 6).

—_— — —

AB=0B-0A4 =i+j+k

—3 RN —_—

AC =0C - O4 =i + 16j + 7k
i j k

AB xAC=|1 1 1
1

¥ AC =
16 7

= -9i - gj + 15k ’7

So r.(-9i - 6j + 15k) = (i — k).(-9i - &) + 15k)
= r(-2i-6j+15k)=-9 -15=-24

So the equation of the plane may be written as
r.(3i+2j-5k)=56

= (xi +yj +zk).(3i + 2j - 5k) = 8

= 3x + 2y — 5z=8, which is a Cartesian
equation of the plane.

Vectors

Line / lies in the plane. The direction of /s
—i+ 2j — k, and so this vector is perpendicular
to n.

The point (4, 3, 1) lies in the plane, and the
point (3, 5, -2) lies on the line and so also
in the plane, so the vector joining these two
points also lies in the plane.

This vector i — 2j + 3k is also perpendicular
ton.

nis in the direction of the vector product of
-i+2j—-kandi-_2j+3k

Replace r with xi + yj + zk and perform the
scalar product.

Find a Cartesian equation of the plane that passes through the points A(1, 0, -1), B(2, 1, 0) and

This is the direction of the normal to the
plane.

User.n =a.n,wherea=i-k

Replace r by xi + yj + zk to obtain the
Cartesian equation.

You may wish to check that each point lies on
this plane.

21
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